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Abstract
We discuss the structure of the vacua in O(2) topologically massive gauge theory on a
torus. Since O(2) has two connected components, there are four classical vacua. The
different vacua impose different boundary conditions on the gauge potentials. We also
discuss the non-perturbative transitions between the vacua induced by vortices of the
theory.
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1. Introduction
Topologically massive gauge theories (TMGT) [1] are of great interest for many years.
They have important applications in different areas of theoretical and mathematical
physics, for example quantum Hall effect [2], knot invariants and conformal field the-
ories [3] and many other areas.
The structure of the Hilbert space in these theories may be rather unusual. For
example, in abelian U(1) TMGT one can see [4] that the Hilbert space of the theory is a
direct product of the massive gauge particle Hilbert space and some quantum-mechanical
Hilbert space which is the product of g copies (for a genus g Riemann surface) of the
Hilbert space for the Landau problem on the torus. In the infinite mass limit all levels
except the first one are decoupled as well as the massive particle Hilbert space and we
then have only the first Landau level which becomes the Hilbert space of the topological
Chern-Simons theory.
In this letter we shall discuss some unusual properties of the O(2) theory, which can be
obtained after a spontaneous breaking of the SU(2) or SO(3) symmetry by a Higgs field
in a 5-dimensional representation [5]. We shall see that because O(2), contrary to U(1),
has two connected components, i.e. π0(O(2)) = Z2, one shall get new classical vacua in
O(2) theory. We shall not only consider all these vacua but also find the particle spectra
corresponding to each vacuum.
Let us note that the problem of this type in pure Chern-Simons theory was discussed
bye Moore and Seiberg [6]. They could study only the properties of the ground state,
because there are no excitations in the pure Chern-Simons theory. Our results for the
ground state (obtained in a full TMGT and using other methods than in a pure Chern-
Simons theory) are in agreement with the results for pure Chern-Simons theory, as it must
be.
We shall start with a brief review of the ordinary U(1) TMGT. Then we shall go
to the O(2) model, which will be defined as a low-energy limit of the SO(3) theory.
We will also discuss the non-perturbative transitions between different vacua in the full
SO(3) theory. These transitions are induced by the instantons, which in this case, are
the vortices associated with the non-trivial component of the O(2).
2. Abelian Topologically Massive Gauge Theory
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Let us consider an abelian topologically massive gauge theory [1]:
LU(1) = − 1
4γ
FµνF
µν +
k
8π
ǫµνλAµ∂νAλ. (2.1)
We assume that the spacetime is in the form M × R where M is a Riemann surface.
We choose the A0 = 0 gauge to perform the canonical quantization. The corresponding
constraint is
1
γ
∂iA˙i +
k
8π
ǫijFij = 0. (2.2)
The vector potential on a plane can be represented as Ai = ∂iξ+ ǫij∂jχ, substitute it into
the constraint, one gets ∂2ξ˙ = (kγ/4π)∂2χ. Forget the zero modes for the moment, this
is ξ˙ = (kγ/4π)χ = Mχ. Substituting this constraint into the Lagrangian (2.1) one gets
L = 1
2γ
((∂iχ˙)
2 − (∂2χ)2 −M2χ∂2χ) (2.3)
which is a free Lagrangian for the field Φ =
√
∂2/γχ
L = 1
2
(Φ˙2 − (∂iΦ)2 −M2Φ2) (2.4)
describing the free particle with mass M = γk/4π.
It is easy to see that on the plane the spatial independent fields Ai(x, t) = Ai(t) also
satisfy the constraint. For these fields one gets the Landau Lagrangian [4]
L = 1
2γ
A˙2i −
k
8π
ǫijAiA˙j (2.5)
which describes the particle with mass m = γ−1 on the plane Ax,Ay in a magnetic field
B = k/4π. The mass gap is M = B/m = γk/4π which is precisely the mass of the gauge
particle.
Let us note that Ax and Ay belong to the configuration space, however if reduced to
the first Landau level, which means m = 1/γ → 0, the theory reduces to the pure Chern-
Simons theory which is an exactly solvable 2 + 1 dimensional topological field theory.
For general 2-dimensional Riemann surface of genus g, any one-form A can be uniquely
decomposed according to Hodge theorem as
A = dξ + δχ+A, dA = δA = 0 (2.6)
which generalizes the decomposition on the plane we have used before. The harmonic
form A equals
A =
g∑
p=1
(Apαp +B
pβp) (2.7)
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where αp and βp are canonical harmonic 1-forms (1-cohomology) on a Riemann surface
and there are precisely 2g harmonic 1-forms on genus g Riemann surface (two in case of
a torus). After diagonalization one finds that there are g copies of the Landau problem
and the total Hilbert space H of the abelian topologically massive gauge theory
H = HΦ ⊗
g∏
i=1
HA (2.8)
is the product of the free massive particle Hilbert space HΦ and g copies of the Landau
problem’s Hilbert space HA.
Let us concentrate on the case of a torus. We get the Landau problem on the plane
(Ax,Ay). We must not forget about large gauge transformations acting on the quantum-
mechanical coordinates Ai → Ai + 2πNi, where Ni are integers. These transformations
act on gauge potential because the only gauge-invariant objects one can construct for Ai
– Wilson lines
W (C) = exp(i
∮
C
Aµdx
µ) (2.9)
are invariant under these transformations (we choose coordinate on a torus in a way that
x ∼ x+ 1 and y ∼ y + 1) and one can consider torus 0 ≤ Ai < 2π with the area (2π)2.
Let us note that being reduced to the first Landau level this torus becomes the phase
space - thus for the consistent quantization this area must be proportional to the integer
(the total number of the states must be integer). It is known that the density of states ρ
on Landau level equals to B/2π, where B is a magnetic field. In our case the “magnetic
field” in (Ax,Ay) plane is equals to B = (k/4π), thus the total number of states will be
N = (1/2π)(k/4π)× (2π)2 = k/2. Thus, k must be an even integer. In more general case
we have to enlarge our phase space to have minimal possible integer number of states (for
rational k) or even infinite number (for irrational k).
3. The O(2) Model
From now on, we turn to the TMGT with O(2) symmetry on a torus. We obtain the
gauge group O(2) by spontaneous breaking a non-abelian Higgs model with Chern-Simons
term and gauge group SU(2) or SO(3). We usually suppose that the symmetry breaking
scale is very large and just consider the low energy phenomena. The reduced system is a
TMGT with O(2) symmetry.
The full Lagrangian is
L = 1
8γ
TrFµνF
µν +
k
16π
Tr(AdA+
2
3
A3) +
1
4
Tr(∂φ+ [A, φ])2 − V (φ). (3.1)
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The normalization is chosen such that it will agree with the abelian theory in some special
case. We choose the representation and the potential of φ such that the unbroken group
is O(2). The simplest choice is the following [5]. The Higgs field is a 3× 3 real symmetric
traceless matrix. If g ∈ SO(3), the action of g on φ is
g(φ) = gφg−1. (3.2)
The potential of the Higgs field is
V (φ) = λ1(Trφ
2 − 6v2)2 + λ2(detφ+ 2v3)2 (3.3)
where λ1 is of dimension of mass and λ2 is dimensionless. They are both positive. V (φ)
is invariant under SO(3) and its value is zero if and only if the eigenvalues of φ are 1, 1
and −2. If the vacuum expectation value of φ is
〈φ〉 = v


1 0 0
0 1 0
0 0 −2

 , (3.4)
the group O(2) embedded in the SO(3) is then
O(2) = {


cos θ sin θ 0
− sin θ cos θ 0
0 0 1

 ,


cos θ − sin θ 0
− sin θ − cos θ 0
0 0 −1

}. (3.5)
Abstractly, O(2) could be described as an U(1) with an extra element X , where eiθX =
Xe−iθ. In the above representation, X is


1 0 0
0 −1 0
0 0 −1

.
We will usually assume that the Higgs field takes its vacuum expectation values and
drop the terms independent of the gauge field from the Lagrangian.
4. Topological Considerations
If we ignore the Higgs field and take the limit γ →∞, L goes to the pure Chern-Simons
Lagrangian. The classical solutions of the pure Chern-Simons theory are given by
Hom(π1(M), G)/G (4.1)
where G is the gauge group and M is the space manifold.
If M is a torus, π1(M) is Z × Z, the direct product of two copies of the set of all
integers. We can label the classical solutions by a pair (g1, g2) where g1 and g2 commute
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in G and we identify (g1, g2) with (gg1g
−1, gg2g
−1). The pair describes the holonomy of
the two non-trivial loops on the torus.
For O(2), the solutions are one continuous family (eiθ1 , eiθ2), which identifies with
(e−iθ1 , e−iθ2), and three discrete ones (X,±1), (±1, X) and (X,±X). We will see that the
sector corresponding to the continuous family has zero modes but the sector corresponding
to the discrete solutions have none.
If we consider that the O(2) group is embedded in SO(3), the fundamental group of
the vacuum manifold is π1(SO(3)/O(2)) = π0(O(2)) = Z2. Therefore, there are point-like
topological excitations, vortices, in our theory. In 3 + 1 dimensional spacetime, they are
the cosmic strings. We will see that a pair of this vortex-anti-vortex is the instanton that
mixes different classical vacua.
The second homotopy group of the vacuum manifold also has physical effect. The gen-
erator of π2(SO(3)/O(2)) = π1(O(2)) = Z is the magnetic monopole in 3+1 dimensional
spacetime. In this O(2) theory, the monopole induces the large gauge transformation
discussed in Section 2.
5. The Four Sectors
We are going to solve the equations of motion derived from (3.1) and find out the classical
vacua. Define a basis of SO(3) by T 1 =


0 1 0
−1 0 0
0 0 0

, T 2 =


0 0 −1
0 0 0
1 0 0

 and T 3 =


0 0 0
0 0 1
0 −1 0

. Then, [T a, T b] = ǫabcT c. The gauge potential is
A =


0 A1 −A2
−A1 0 A3
A2 −A3 0

 . (5.1)
We choose the A0 = 0 gauge. The equation of motion of the spatial components of the
gauge potential is
1
γ
(∂jFji + [Aj, Fji])
a − 1
2
Tr((∂iφ+ [Ai, φ])[T
a, φ]) = 0, (5.2)
the equation of motion of the Higgs field is in the form
DµD
µφ− V ′(φ) = 0 (5.3)
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where Dµ is the covariant derivative. In addition to these two equations of motion, we
also have the constraint
1
γ
(∂iA˙
a
i + ǫ
abcAbi A˙
c
i) +
k
8π
ǫijF aij +
1
2
Tr(∂tφ[T
a, φ]) = 0. (5.4)
We consider only the low energy phenomena in this section. Equivalently, we consider
the limit where λ1, λ2 and v of (3.3) go to infinity. In this limit, the two equations of
motion split into four. For example, when λ1 and λ2 go to infinity, the derivative term in
(5.3) is negligible and we have
V ′(φ) = 0. (5.5)
This in turn implies that
DµD
µφ = 0. (5.6)
Similarly, when v goes to infinity, we have
Tr((∂iφ+ [Ai, φ])[T
a, φ]) = 0 (5.7)
and
1
γ
(∂jFji + [Aj , Fji])
a = 0. (5.8)
One solution is that the value of the Higgs field is constant in spacetime and the gauge
potential is zero up to gauge transformation. This is the trivial classical vacuum. We say
that all the excitations based on this vacuum are in the trivial sector. By a suitable gauge
transformation, we can assume that the Higgs field is given by (3.4).
To find out the spectrum of the trivial sector, notice that the interaction term of the
Higgs and gauge potential in the Lagrangian is, in this case,
Tr(∂φ + [A, φ])2 = Tr[A, φ]2 = 18v2((A2)2 + (A3)2). (5.9)
To consider only low energy phenomena, we set A2 = A3 = 0. The theory is reduced to the
abelian TMGT. However, we also have to identify states related by gauge transformations.
Now, we have one more element X than the U(1) case. Its action is to identify A1
with −A1. Thus, we have only half of the states as in the abelian case. The classical
configuration space could be chosen as 0 ≤ A1x < 1 and 0 ≤ A1y < 12 . The total number of
quantum states in the first Landau level will be k/4. Thus, to have a sensible quantum
theory, k must be a multiple of 4. In other cases we again must enlarge our phase space
before quantization in the same way as in the U(1) case. The Hilbert space structure is
similar to that of the abelian theory.
We now consider the case that the holonomy of at least one of the non-trivial loops is
in the component of O(2) other than the identity component. We call it the non-trivial
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sector. We already know that there are three non-trivial sectors for the O(2) model on a
torus.
Let X(θ) =


1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 where θ would be chosen such that, say, if we
want to have non-trivial holonomy along the x-direction, θ(x + L, y) = θ(x, y) + π and
θ(x, y + L) = θ(x, y). Other than this condition, θ could be any function independent of
time. We will see that the low energy physics depends only on the boundary condition
stated above and not on the detail form of θ. Note that X(π) = X .
We will reinstall explicitly the dependence on the size of torus. We choose the torus
to be the same size, L, in both directions. It is easy to generalize to tori of other sizes.
Now, we consider the following Higgs field and gauge potential:
φ = v X(θ)


1 0 0
0 1 0
0 0 −2

X(θ)−1
= v


1 0 0
0 cos2 θ − 2 sin2 θ −3 sin θ cos θ
0 −3 sin θ cos θ sin2 θ − 2 cos2 θ

 (5.10)
and
A = −∂XX−1 = −∂θT 3. (5.11)
If X was a single valued function on the torus, then these Higgs field and gauge potential
would be just the gauge transformation of the corresponding vacuum fields in the trivial
sector. Although X is not single valued, these Higgs field and gauge potential are single
valued and well defined on the torus. It is now easy to see that they satisfy equations
(5.5) - (5.8) and the constraint (5.4) because those equations are gauge invariant.
Thus, the Higgs field and gauge potential in (5.10) and (5.11) define the classical
vacua in the non-trivial sectors. (We can, of course, choose θ to be zero and we obtain
the vacuum of the trivial sector.) We can choose any other values of the Higgs fields in
the vacuum manifold as long as they give the same holonomy. Any such value of Higgs
field will be gauge equivalent to this one.
We now calculate the potential of the gauge potential induced by the Higgs field. Since
X(θ)−1AX(θ) =


0 cos θA1 + sin θA2 sin θA1 − cos θA2
− cos θA1 − sin θA2 0 A3
cos θA2 − sin θA1 −A3 0

 ,
(5.12)
7
Tr[A, φ]2 = v2Tr[X(θ)−1AX(θ),


1 0 0
0 1 0
0 0 −2

]2
= 18v2((A1 sin θ − A2 cos θ)2 + (A3)2),
(5.13)
and
2Tr∂φ[A, φ] = 36v2A3∂θ. (5.14)
The effective potential of A is
Tr(∂φ+ [A, φ])2 = 18v2((A1 sin θ − A2 cos θ)2 + (A3 + ∂θ)2). (5.15)
If we write the general gauge potential as the sum of the vacuum value and the fluc-
tuations, we see that in the large v limit, A3 must be frozen to the vacuum value −∂θ
and the fluctuations of the first two components of the gauge potential must satisfy
A1 sin θ = A2 cos θ. Let A1 = A cos θ and A2 = A sin θ. Here, A is a vector field with
three components (At, Ax, Ay) and not the Lie-algebra valued one form in the previous
equations. Note A1 and A2 are periodic in x and y but A is not periodic in the non-trivial
sectors. Thus A does not have the corresponding zero modes.
The components of the gauge field can be expressed by A. Define Fij = ∂iAj − ∂jAi,
we have
F 1ij = ∂iA
1
j − ∂jA1i + A2iA3j −A2jA3i
= Fij cos θ, (5.16)
F 2ij = Fij sin θ, (5.17)
F 3ij = 0. (5.18)
The Lagrangian, which was
L = 1
2γ
(A˙ai − ∂iAat + ǫabcAbtAci)2 −
1
4γ
F aijF
a
ij −
k
8π
(ǫijAai A˙
a
j − Aat ǫijF aij)
+
1
4
Tr(∂φ+ [A, φ])2 − V (φ), (5.19)
is now, after neglecting the terms independent of A and in the Aat = 0 gauge,
L = 1
2γ
A˙2i −
1
4γ
FijFij − k
8π
ǫijAiA˙j. (5.20)
The constraint of the full system is
1
γ
(∂iA˙
a
i + ǫ
abcAbi A˙
c
i) +
k
8π
ǫijF aij = 0. (5.21)
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Express Aai in terms of Ai and θ, this is equivalent to
1
γ
∂iA˙i +
k
8π
ǫijFij = 0. (5.22)
Notice that the form of the Lagrangian and the constraint are exactly the same as
the abelian theory or the trivial sector. However, recall that the boundary condition is
that Ai cos θ and Ai sin θ are periodic. If the holonomy of the x-direction is non-trivial,
the effective gauge potential must be anti-periodic in x. This distinguishes the non-trivial
sectors from the trivial sector. We also see that θ does not appear in the Lagrangian or
the constraint. It only imposes the boundary condition on the effective gauge potential.
Hence, the detail form of θ is irrelevant.
Following the analysis of the U(1) theory, it is easy to see that the non-trivial sectors
can also be described by a free particle of mass kγ/4π. Because of the finite size of the
torus, the momentum of the particle is quantized. To satisfy the anti-periodic boundary
condition, only the “half integer modes” are allowed in the direction where the holonomy
is non-trivial.
6. Non-perturbative Transitions Between Sectors
If we consider the full SU(2) or SO(3) theory, there will be transitions between different
sectors. Indeed, now one can easily connect two different topological sectors by some field
configuration - but to do this it is necessary to excite some heavy degrees of freedom. The
instanton is one of these heavy degrees of freedom which induces the transitions. The
exact instanton equation is non-linear and difficult to solve but we could easily give a
qualitative picture of what will happen.
Since O(2) has two connected components, there will be point-like topological defects,
the vortices, in 2 + 1 dimensional spacetime [5]. It is, in fact, the same reason why there
are non-trivial sectors in the theory. We will see that the instanton consists of a pair of
vortex-anti-vortex winding around a non-trivial loop on the torus.
An ansatz of the vortex solution is the following: in the polar coordinates (r, θ) on a
plane,
φ(r, θ) = v(r)


1 0 0
0 cos2 θ
2
− 2 sin2 θ
2
−3 sin θ
2
cos θ
2
0 −3 sin θ
2
cos θ
2
sin2 θ
2
− 2 cos2 θ
2

 (6.1)
where v(r) is a function of r such that v(0) = 0 and v(∞) = v. The gauge potential is
such that A(0, θ) = 0 and A(∞, θ) = −T 3 dθ
2
. Comparing to (5.10) and (5.11), we see
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that at infinity, the Higgs field and the gauge potential approach their vacuum values.
At the the origin there are heavy excitations in a region with size of order 1/v2 and the
mass of the vortex is of order of magnitude v2. The functional form of v(r) and the gauge
potential could be determined by substituting them into (3.1) and solving the differential
equations derived from it. We will not do it here because they are not important to the
following discussions. Notice that the low energy effective gauge potential must satisfy
anti-periodic boundary condition around a vortex.
It is easier to visualize the effect of the instanton in 3 + 1 dimensional spacetime. In
3 + 1 dimensions, the topological defect corresponding to the vortex is the cosmic string.
It can be infinite long or form a close loop. Just like the vortex, the low energy effective
gauge potential must be anti-periodic around the cosmic string. If we put our torus in a
three dimensional space, we could say that the anti-periodic boundary condition of the
non-trivial sectors is induced by a cosmic string which goes through the “hole” of the
torus. (If the boundary conditions for both loops on the torus are non-trivial, we may
put a cosmic string through the “hole,” and put a close loop of string “inside” the torus.
For simplicity, we consider non-trivial condition on only one boundary.)
To tunnel back to the trivial sector, the cosmic string must be pulled out of the torus.
During the process, the cosmic string will in general cut the torus at two points. Since
the section of a string is a vortex, the two points are exactly the positions of a pair of
vortex-anti-vortex in the 2+ 1 dimensional world. (In the case of O(2), the anti-vortex is
the vortex itself.)
If we restrict ourselves to the torus, what we see about the pulling out of the cosmic
string is the instanton. The whole process of instanton is the following. If the holonomy
of the x-direction is non-trivial, a pair of vortex-anti-vortex will nucleate, then they wind
around the loop in the y-direction and finally, they annihilate each other. Since the gauge
potential is anti-periodic around a vortex or anti-vortex, after the instanton occurs, the
anti-periodic boundary condition on the x-loop will become periodic.
The mass of the vortex is of order v2 and it must wind around the non-trivial loop of
the torus. Therefore, we expect that the Euclidean action for the instanton is in the form
exp(−constLv2).
We can obtain the same type of of the instanton action considering the simpliest trial
function interpolating between two vacua
φ(t) =
t
T
φ1 +
T − t
T
φ2 (6.2)
where φ1 and φ2 are the Higgs fields in these two vacua given by (5.10), T is the size (in
the time axis) of the instanton and we set the gauge potential to zero. It is then straight
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forward to calculate the Euclidean action for this field configuration. The result is, for
example,
SE(θ = 0→ θ = πx
L
) =
9L2v2
4T
+ (
3
2
π2v2 + w)T (6.3)
where w = 81
80
L2v4(4λ1 + v
2λ2) is the contribution from the potential term. Notice that
T is of order L when the Euclidean action is minimum, which is of order Lv2, thus the
transition probability will be suppressed by a factor exp(−constLv2), as expected.
If the quantum corrections did not lift the degeneracy of the four classical vacua, there
would be mixings between them and the true ground state will be some superposition of
the classical vacua. Physical properties of this kind of mixings were considered earlier in
[7]. However in this case. as we are going to argue, the quantum corrections do lift the
degeneracy.
By the analysis of the previous section, in the trivial sector, the theory is free but
the momentum of the effective particle must be quantized as integral multiple of 2π/L in
both directions. Thus, the vacuum energy of the trivial sector, which is one half of the
sum of frequencies of all modes, is
E0 =
1
2
∑
n,m
((2πn/L)2 + (2πm/L)2 +M2)1/2 (6.4)
Similarly, the vacuum energies of the non-trivial sectors are
Ex = Ey =
1
2
∑
n,m
((2π(n+
1
2
)/L)2 + (2πm/L)2 +M2)1/2 (6.5)
Exy =
1
2
∑
n,m
((2π(n+
1
2
)/L)2 + (2π(m+
1
2
)/L)2 +M2)1/2 (6.6)
We will show that Ex > E0 now. Apart from some unimportant factor, E0 =
∑
(n2 +
m2 + a2)1/2 and Ex =
∑
((n+ 1
2
)2+m2 + a2)1/2. Of course, they diverge. We will use the
zeta function regularization. Consider E0(s) =
∑
(n2 +m2 + a2)−s.
E0(s)Γ(s) =
∑
n,m
(n2 +m2 + a2)−sΓ(s)
=
∫
∞
0
ts−1
∑
n,m
e−(n
2+m2+a2)tdt. (6.7)
Similarly,
Ex(s)Γ(s) =
∫
∞
0
ts−1
∑
n,m
e−((n+
1
2
)2+m2+a2)tdt. (6.8)
The difference is
Ex(s)−E0(s) = −1
Γ(s)
∫
∞
0
ts−1
∑
m
e−(m
2+a2)t
∑
n
(e−n
2t − e−(n+ 12 )2t)dt
=
−1
Γ(s)
∫
∞
0
ts−1e−a
2tϑ1(it/π)(ϑ1(it/π)− ϑ2(it/π))dt (6.9)
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where ϑ1(τ) =
∑
exp iπn2τ and ϑ2(τ) =
∑
exp iπ(n + 1/2)2τ are some special cases of
the theta functions [8]. We need their properties that
ϑ1(−1/τ) = (−iτ)1/2ϑ1(τ)
ϑ2(−1/τ) = (−iτ)1/2ϑ3(τ) (6.10)
where ϑ3(τ) =
∑
(−1)n exp iπn2τ . For small t, ϑ3(iπt) converges but ϑ1(iπt) diverges as
1/
√
πt. For large t, ϑ1(iπt) = 1. We also have
ϑ1(iπt)− ϑ3(iπt) =
∑
oddn
2e−n
2t < 4e−t
∑
n
e−2nt =
4e−t
1− e−2t . (6.11)
Taking all these properties into account, it is easy to see that
Ex(s)−E0(s) = −1
Γ(s)
∫
∞
0
ts−1e−a
2tϑ1(it/π)(ϑ1(it/π)− ϑ2(it/π))dt
=
−π
Γ(s)
∫
∞
0
t−se−a
2/tϑ1(iπt)(ϑ1(iπt)− ϑ3(iπt))dt (6.12)
converges for s = −1/2 for both small and large t. By (6.11), for large a, the integrand is in
the form exp(1/2 log t−a2/t−t). The minimum of the exponent is around t ≈ a =ML/2π.
Thus, the splitting of vacuum energies is of order exp(−constML). Notice that both the
integral and −π/Γ(−1/2) = √π/2 are positive. We have Ex > E0. Similarly, Exy > Ex.
In conclusion, there is no mixing between different classical vacua and the vacuum of the
trivial sector is the true vacuum after quantum correction. The vacua of the non-trivial
sectors are metastable and will decay into the vacuum of the trivial sector through the
vortex type instanton transitions discussed above. The transition probability is suppressed
as exp(−constLv2), where the action is the double instanton action corresponding to the
bounce solution.
7. Conclusion
We have discussed the topologically massive gauge theory with O(2) symmetry on a torus.
We found that there are four different sectors corresponding to the different holonomy on
the non-trivial loops. All four sectors can be described by a free particle of mass kγ/4π.
However, its momentum in the direction of non-trivial holonomy is restricted to half
integral multiple of some fundamental unit determined by the size of the torus, whereas
the momentum in other direction is whole integral multiple. In addition to the restriction
of momenta, the number of quantum states of the first Landau level in the trivial sector
is only half of that of the abelian theory. We have also discussed the transitions between
12
different vacua induced by the instantons. A very clear picture on effect of the instanton in
term of cosmic string in 3+1 dimensions is given. The transition probability is estimated
to be suppressed by an exponential factor proportional to the size of the torus. After
including the quantum effect, the true vacuum is the vacuum of the trivial sector and
other classical vacua are metastable.
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